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Abstract
We study thermodynamics of flat space/boson star systems enclosed in a scalar reflecting box
with Stu¨ckelberg mechanism. We also disclose effects of model parameters on transitions and the
properties appear to be qualitatively the same as those in holographic Stu¨ckelberg transitions.
Moreover, we obtain a relation ζ¯ ≈ 2ζ˜ and the second order characteristic exponent, which also
hold in holographic superconductor theories. The similarity between quasi-local thermodynamic
transitions and holographic transitions provides additional evidences that holographic theories may
also exist in the quasi-local space.
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2I. INTRODUCTION
According to the AdS/CFT correspondence, strongly interacting physics on the boundary can be holograph-
ically described by weakly coupled bulk AdS gravity theories [1–3]. And the bulk thermodynamic transitions
were usually applied to study the AdS/CFT correspondence [4]-[23]. However, it was argued that the holog-
raphy first discovered in the AdS spacetimes may also exist in other confined spaces based on the fact that
thermodynamic transitions in a reflecting box are strikingly similar to those in AdS gravities [24–26].
Along this line, it is interesting to further research on the similarity between quasi-local thermodynamic
transitions in a box and transitions in the AdS gravity. For a single Maxwell field coupled to the gravity, it
was found that quasi-local thermodynamic transition structures of bulk gravity systems are similar to cases
in the asymptotically AdS background [27–29]. Lately, this box gravity system was further generalized by
including an additional scalar field coupled to the Maxwell field [30]. In particular, the phase diagram of
this complete box gravity system with a scalar reflecting boundary is strikingly similar to that of holographic
transitions. We further generalized the box confined transition model by considering nonzero scalar mass and
Stu¨ckelberg mechanism with higher scalar field terms ψ2 + ζψ4 and ζ as the model parameter [31, 32]. We
showed the similarity between the box gravity and the AdS gravity through effects of model parameters on the
threshold chemical potential and also the order of phase transitions. Recently, a new Stu¨ckelberg mechanism
with higher correction terms of the form ψ2+ζψ6 was discussed in the holographic superconductor theory and
this new type of Stu¨ckelberg mechanism can trigger richer physics compared with results of usual holographic
Stu¨ckelberg superconductor models [33, 34]. In particular, it admits a new type of first order transition
between scalar hairy states. So it is meaningful to further generalize the box gravity by considering this new
Stu¨ckelberg mechanism and disclose similarities between the box confined system and the AdS gravity.
We put the rest part of this work as follows. In section II, we introduce a flat space and boson star system
in a reflecting box with Stu¨ckelberg mechanism. In section III, we study thermodynamics of the box gravity
system and also search for the similarity between quasi-local transitions and holographic transitions. The
conclusion will be presented at the end of this work.
3II. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS
In this work, we are interested in the flat space and boson star transition model enclosed in a scalar reflecting
box with radius labeled as r = rb. And the general Stu¨ckelberg Lagrange density with a scalar field and a
Maxwell field coupled in the asymptotically flat spacetime is [33, 34]:
L = R− [FαβFαβ − ∂
αψ∂αψ −G(ψ)(∂θ − qAα)
2
−m2ψ2]. (1)
Here, the scalar field ψ is only radial dependence as ψ = ψ(r) with mass m and charge q. We also take the
Maxwell field with only nonzero t component in the form A = φ(r)dt. We consider the transition model with
the general function of the form G(ψ) = ψ2 + q4ζψ6, where ζ is the Stu¨ckelberg parameter and ζ = 0 is the
case without Stu¨ckelberg mechanism [30, 33, 34]. We mention that this new type of Stu¨ckelberg mechanism
usually leads to richer physics compared with transition models in [31] with a function G(ψ) = ψ2+q2ζψ4 and
ζ as the model parameter. In the calculation, we can take θ = 0 according to the symmetry Aµ → Aµ + ∂α
and θ → θ + α.
The spherical symmetric boson star metric in the asymptotically flat gravity can be putted in the form
ds2 = −g(r)h(r)dt2 +
dr2
g(r)
+ r2(dθ2 + sin2θdϕ2). (2)
We impose g(∞) = 1 and h(∞) = 1 to recover the flat space at the infinity.
Equations of metrics and matter fields are
1
2
ψ′(r)2 +
g′(r)
rg(r)
+
q2G(ψ)φ(r)2
2g(r)2h(r)
+
φ′(r)2
g(r)h(r)
−
1
r2g(r)
+
1
r2
+
m2
2g
ψ2 = 0, (3)
h′(r) − rh(r)ψ′(r)2 −
q2rG(ψ)φ(r)2
g(r)2
= 0, (4)
φ′′ +
2φ′(r)
r
−
h′(r)φ′(r)
2h(r)
−
q2G(ψ)φ(r)
2g(r)
= 0, (5)
ψ′′(r) +
g′(r)ψ′(r)
g(r)
+
h′(r)ψ′(r)
2h(r)
+
2ψ′(r)
r
+
q2G′(ψ)φ(r)2
2g(r)2h(r)
−
m2
g
ψ = 0, (6)
where we define G′(ψ) = dG(ψ)dψ = 2ψ + 6q
4ζψ5.
With numerical methods, we integrate the equations from r = 0 to r = rb to obtain solutions with the
scalar field vanishing at the box boundary. We put asymptotical behaviors of fields around r = 0 in the form
4[30]
ψ(r) = a1 + b1r
2 + · · · ,
φ(r) = a2 + b2r
2 + · · · ,
g(r) = 1 + a3r
2 + · · · ,
h(r) = a4 + b4r
2 + · · · , (7)
Putting relations (7) into equations (3-6) and considering leading terms, we find that the solutions can be
determined by parameters a1, a2 and a4. We can also take the boundary as rb = 1 using the rescaling r → κr.
And the scalar fields close to the box behaves as
ψ → ψ1 + ψ2(1− r) + · · · . (8)
Since the scalar field vanishes at the box boundary, we impose ψ1 = 0 and show that transitions can be
described by the other parameter ψ2 similar to methods in holographic superconductor theories [31]. And
the value of the vector field φ(r) on the box µ = φ(1) is the chemical potential. We can also transform the
solutions to satisfy gtt(1) = −1 according to the symmetry h→ γ
2h, φ→ φ, t→ tγ [30].
III. THERMODYNAMICS OF THE QUASI-LOCAL GRAVITY SYSTEM
In this part, we firstly disclose properties of phase transitions from behaviors of the free energy. We plot
the free energy with respect to the chemical potential in Fig. 1 with q = 100, m2 = −2 and different values
of ζ. For the case of ζ = 0, 0.004 or 0.006 in (a), (b) and (c) of Fig. 1, we find that the free energy is smooth
around the critical chemical potential, which corresponds to the second order flat space/boson star transition.
Besides the second order transition, (c) shows that there is also a new first order phase transition between
the boson star phases at µ˜c = 0.02925. When we choose a larger parameter ζ = 0.01 in (d) of Fig .1, there is
only the first order flat space/boson star phase transition at the threshold value µc = 0.02793. We mention
that phase structures of this quasi-local gravity system with various ζ are qualitatively the same as those
of holographic Stu¨ckelberg transitions where large enough Stu¨ckelberg parameter could trigger an additional
first order transition between hairy states and for very large Stu¨ckelberg parameter, there is only the first
order hairless state/hairy state transition.
We should point out that the free energy here corresponds to the energy in the gravitational box with a
background subtraction of the pure Minkowski box [30]. So curves in Fig. 1 reveal the property of bulk
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FIG. 1: (Color online) The free energy with respect to the chemical potential µ in cases of q = 100, m2 = −2 and
various ζ: (a) ζ = 0, (b) ζ = 0.004, (c) ζ = 0.006 and (d) ζ = 0.01. The dashed lines show the free energy of the flat
space and red solid curves are with the boson star phases.
transitions. We further applied approaches similar to holography and found that operators on the hard cut-off
box boundary covers some information of the bulk gravity [31, 32]. In this more general model with richer
phase diagrams, we will show that operators on the boundary can still be used to disclose the critical transition
points and the order of bulk transitions.
Now we study bulk transitions from behaviors of the box boundary operator ψ2 similar to the usual holo-
graphic approaches in the AdS gravity. We plot ψ2 as a function of the chemical potential in Fig. 2. From the
panels (a), (b) and (c) of Fig. 1 and Fig. 2, we see that ψ2 is continuous around the second order transition
point µ = 0.02805. There is also a jump of the operator ψ2 at µ = 0.02925 in (c) of Fig. 2 corresponding to
the first order transition in (c) of Fig.1. And in (d) of Fig.2 with ζ = 0.01, ψ2 has a jump at µ = 0.02793
corresponding to the first order transition in (d) of Fig. 1. So the box boundary operator ψ2 can be used to
disclose the critical phase transition points and also the order of transitions. We conclude that the operator
on the box boundary covers part information of the bulk transition.
In the AdS gravity, there is a characteristic exponent 12 corresponding to the second order holographic
transition [34, 35]. And this second order characteristic exponent 12 also exists in box gravity systems [31, 32].
Along this line, it is interesting to examine whether this property also hold in our general box gravity model
with Stu¨ckelberg mechanism. In fact, we obtain the relation ψ2 ≈ 0.430(µ − µc)
1/2 with µc = 0.02805 by
fitting the numerical data. It can be easily seen from Fig. 3 that the blue solid line representing the fitted
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FIG. 2: (Color online) The box boundary operator ψ2 with respect to the chemical potential µ in cases of q = 100,
m2 = −2 and various ζ as: (a) ζ = 0, (b) ζ = 0.004, (c) ζ = 0.006 and (d) ζ = 0.01. The red solid lines represent the
thermodynamically stable boson star phase and the red dashed curves correspond to the unstable boson star phase.
formula almost coincides with solid red lines obtained from numerical data around the phase transition points.
Here we conclude that the second order characteristic exponent also exist in the box gravity with Stu¨ckelberg
mechanism.
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FIG. 3: (Color online) We show behaviors of ψ2 as a function of the chemical potential with q = 100, m
2 = −2 and
ζ = 0.006. The solid red line represents boson star phases and the solid blue line corresponds to ψ2 ≈ 0.430(µ−µc)
1/2
with µc = 0.02805.
With more detailed calculations, we can define threshold values ζ¯ and ζ˜ to describe phase structures. When
ζ 6 ζ˜, there is only the second order flat space/boson star transition at the critical chemical potential µc. In
the case of ζ˜ < ζ < ζ¯, there are new types of first order transitions between boson star phases at µ˜c besides
the second order flat space/boson star transition at µc. And for ζ > ζ¯, only a first order flat space/boson star
transition appears.
7In holographic superconductor transitions, a relation ζ¯ ≈ 2ζ˜ holds [34] and more negative scalar mass
corresponds to a smaller critical chemical potential of second order transitions [36, 37]. Now we extend the
discussion to box gravity system. In the left panel of Fig. 4, we show values of ζ˜ and ζ¯ as a function of m2
with q = 100 and arrive at the same relation ζ¯ ≈ 2ζ˜. And in the right panel of Fig. 4, we show that more
negative scalar mass m2 corresponds to a smaller critical chemical potential µc. These properties provide
more similarity between the confined transition and holographic transitions.
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FIG. 4: (Color online) The left panel shows effects of the scalar mass on the critical parameter ζ (red) and ζ˜ (blue)
with q = 100. And in the right panel, the blue line is the critical chemical potential µc as a function of the scalar mass
m2 with q = 100 and ζ = 0.004.
We study thermodynamics of the scalar field and the box gravity system. And we mention that the
dynamical properties of this quasi-local model have been analyzed in [38–44]. It seems that the scalar reflecting
box serves as a way to confine the scalar field and make scalar hair easier to form outside the black hole horizon.
Another well known way to confine the scalar field is adding an AdS boundary where a potential well in the
near horizon region forms due to the AdS boundary [45, 46]. Moreover, there is no scalar hair theorem in
regular neutral reflecting stars [47, 48] and static scalar fields can condense around charged reflecting stars
[49–54]. So it is also very interesting to extend the discussion to the reflecting star with box boundary
conditions.
IV. CONCLUSIONS
We investigated thermodynamics of a flat space/boson star model with Stu¨ckelberg mechanism in the
asymptotically flat quasi-local gravity. We found that the operator ψ2 on the box boundary is useful in
revealing the critical phase transition points and also the order of transitions in this general model. In
particular, we obtained the relation ψ2 ∝ (µ − µc)
1/2, which is exactly the characteristic property of second
order holographic transitions in the AdS gravity. Moreover, we also arrived at a relation ζ¯ ≈ 2ζ˜, which is
8the same as results in Stu¨ckelberg holographic superconductor theories. These properties mean that the box
boundary operator covers part information of the bulk transition and it provides additional evidences that
holographic theories may also exist in the quasi-local space.
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